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e Quantum states p, o € Pos(X)
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Pinsker inequality

e Probability distributions p,q € P(X)
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Prior work: Pinsker inequalities for f-divergences

This problem has been considered before!:2:3:4  using similar methods. Existing results typically
end up with some sort of limitation:
e Coefficients being difficult to compute!-3

e Imposing more structure?

e Applying to only specific settings® (e.g., only probability distributions)
It is known that f-divergences can be related to each other*.

!Gustavo L Gilardoni. “On the minimum f-divergence for given total variation”. In: Comptes rendus. Mathématique 343.11-12
(2006), pp. 763-766.

2Gustavo L Gilardoni. “On Pinsker's and Vajda's type inequalities for Csiszar's f-divergences”. In: IEEE Transactions on
Information Theory 56.11 (2010), pp. 5377-5386.
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“*Peter Harremoés and Igor Vajda. “On pairs of f-divergences and their joint range”. In: IEEE Transactions on Information
Theory 57.6 (2011), pp. 3230-3235.



Prior work: mixing times

In the classical setting, our main theorem generalizes a result in® to a large class of
f-divergences
Mixing times measured by f-divergences considered in®

e Convergence of measure under different metrics considered in”

e In the quantum setting, mixing times have been considered in®:°

5Anuran Makur and Lizhong Zheng. “Comparison of contraction coefficients for f-divergences”. In: Problems of Information
Transmission 56 (2020), pp. 103-156.

5Maxim Raginsky. “Strong data processing inequalities and ®-Sobolev inequalities for discrete channels”. In: IEEE Transactions
on Information Theory 62.6 (2016), pp. 3355—-3389.

"Alison L Gibbs and Francis Edward Su. “On choosing and bounding probability metrics”. In: International statistical review
70.3 (2002), pp. 419-435.

8Kristan Temme et al. “The x2-divergence and mixing times of quantum Markov processes”. In: Journal of Mathematical
Physics 51.12 (2010).

9 Alexander Miiller-Hermes and Daniel Stilck Franca. “Sandwiched Rényi convergence for quantum evolutions”. In: Quantum 2
(2018), p. 55.



Definition (f-divergence)
Let £ : (0, +00) — R be convex with f(1) =0, and let p,q € R‘;f)l. The f-divergence of p with
respect to q is given by -

Dr(plla) = Y _ q(x)f(p(x)/q(x)) ,

xeX
where we use the conventions 0f(0/0) = 0, 0f(a/0) = alimy o xf(1/x) for a > 0.



Definition (f-divergence)

Let £ : (0, +00) — R be convex with f(1) =0, and let p,q € Rg)l. The f-divergence of p with

respect to q is given by
Dr(plla) = Y _ q(x)f(p(x)/q(x)) ,

where we use the conventions 0f(0/0) = 0, 0f(a/0) = alimy o xf(1/x) for a > 0.

Examples:
e f(t) = tIn(t) gives KL divergence, f(t) = — In(t) gives reverse KL divergence
o f(t) =t> — 1 gives x? divergence



Taylor’s theorem

Let f : [a, b] — R such that f € C?(]a, b]).

f(b) = f(a) + f'(a)(b— a) + Ru(b) .



Taylor’s theorem

Let f : [a, b] — R such that f € C?([a, b]).
b
f(b) = f(a) + f'(a)(b — a) +/ f(t)(b— t)dt .

a

Can write the remainder as an integral.
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pz{p], q:{q], p,q € [0,c],

c—p c—gq

We have TV(p,q)? = (p — q)? and
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c—q

Fix g, differentiate g : p — D(p||q) with respect to p

g//(p) _ lf” (P) + 1 f// <C_P> )
q q c—q c—q



Condition for bounding

p

Dy(plla) = / ¢ ()(p— t)dt

q

Need to lower-bound g”(t).
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Condition for bounding

Drtplla) = [ &"(1)p— ) > L [ (o )

L¢

L
= 5. (P - )2 = -LTV(p,q)? .

T 2c
Need to lower-bound g’ (t). Suppose

Lf<1f“(x>+1 f”(l_x>.
Ty y =g =g

e Sanity check: using f(t) = tIn(t) recovers Pinsker’s inequality for KL divergence
e Only needs twice continuously differentiable f

e Does not give a tight bound for reverse KL divergence




Differentiating with respect to g

Gives a similar condition

x2 X (1 —x)? 1—x
Le<Z=f"[Z)+ f”( ) .
F=ys (y> (1-yP} \1-y

e Gives a tight bound for KL divergence with f(t) = —In(t)
e Does not give a tight bound for KL divergence

e Neither of the conditions give a tight bound for Jeffrey's divergence with

f(t)=(t—1)In(t)



Differentiating over both variables

Use multivariate Taylor's theorem.
Let F: R” — R be C? on an open convex set S. If a€ S and a+ h € S then

F(a+h)=F(a)+(VF(a),h) + /01(1 — t)h"He|armh dt |

where x®" applies power to the n in an entry-wise fashion.



Condition for lower bound

Theorem

Let f : (0,+00) — R with f(1) = 0 be convex and twice continuously differentiable. Suppose
there exists A € [0, 1] such that Ls satisfies for all x,y € (0,1)

X21 X 1—X2 1 1—x
Le < [(1=) +/\} f”<)+{1A + A } f”( )
! [( ) vyl y y ( ) l—y| 1-y 1-y

Then for all p,q > 0 such that ||p|l1 = ||q]|s = ¢ > 0,
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Condition for lower bound

Theorem

Let f : (0,+00) — R with f(1) = 0 be convex and twice continuously differentiable. Suppose
there exists A € [0, 1] such that Ls satisfies for all x,y € (0,1)

X21 X 1—X2 1 1—x
Le < [(1=) +/\} f”<)+{1A + A } f”( )
! [( ) vyl y y ( ) l—y| 1-y 1-y

Then for all p,q > 0 such that ||p|l1 = ||q]|s = ¢ > 0,

L
5. TV(p.a)* < Dr(pla) -

When A =1/2,

2 2
X 1 X 1—x 1 1—x
L < 1+} f”<>+{1+ ] f”< > )
' { y] 4y y 1-y] 41-y) 1—y




Results from theorem

Divergence f(t) L¢

KL-divergence tint 4

Reverse KL-divergence —Int

Pearson y?-divergence 2 =1l 8

Neyman x2-divergence 1 - 8

Symmetric x2-divergence % 16

. . . 1 1

Arithmetic-geometric mean (21)1n (;iﬁ) 1

Jeffrey’s divergence (t—1)Int 8
. 4 ael-1,2]

Rényi's information gain -1 ’

Y & oa=1) {1 otherwise
Squared Hellinger distance 1(Vt-1)? 1
Lin's measure Otint—(0t+1—0)In(0t+1—-6) 46(1—0)
Jensen-Shannon divergence % (tint — (tz—i— 1)In (£1)) 1
Triangular discrimination “;11) 4



Lower bound with x? divergence

Corollary

Let f and L¢ satisfy the conditions of the above theorem and let Gmin := Minj.q;>0 q;. Then, for
all p,q € P(X),

Lfamin

= x’(plla) < Dr(plla) .
Note that this is data-dependent, as it involves gmin. This is possible to avoid through an
alternative proof method.



Pinsker inequality for quantum f-divergences

This result works for a general class of quantum f-divergences that a) satisfy DPI and b)
reduce to classical f-divergences.

Corollary

Let D¢(pllo) be any quantum f-divergence satisfying the data processing inequality for some f
that is continuously twice differentiable and p, o be quantum states. Then

L¢
Ly — ol < De(ollo)

where L¢ satisfies the condition of the above theorem.

Sanity check: recovers quantum Pinsker's inequality.



Contraction coefficients

Rate at which information is lost due to data processing

Definition (Input-independent contraction coefficient)

Let Dr be an f-divergence, Wx_,y be a channel, and qx € P(X) be a probability distribution.
The input-dependent contraction coefficient of WV with respect to q is

W) = sup  2OVEIV@)

pEP(X) s.t. Dt(plla)
0<Dr(plla)<+oo




Contraction coefficients

Rate at which information is lost due to data processing

Definition (Input-independent contraction coefficient)

Let Dr be an f-divergence, Wx_,y be a channel, and qx € P(X) be a probability distribution.
The input-dependent contraction coefficient of WV with respect to q is

W) = sup  2OVEIV@)

pEP(X) s.t. Dt(plla)
0<Dr(plla)<+oo

It is known that ne(W, q) > n,2(WV,q) and n,2(W,q) = pm(a, W(q))?. Moreover, the
maximal correlation coefficient p,,(X, Y) is efficient to compute.



Characterizations of Markov chains

Let W be a Markov chain and W € RI*IXI*1 its matrix such that W(p) = Wp.

1. Irreducible: can get from anywhere to everywhere
Vx,x" € X,3t € Nsit. W' has no non-zero entries
2. Aperiodic: do not go around in loops
Vx € X,1=d(x):=ged{t >1: Wi(x,x) >0}

3. Scrambling: no two columns of W are orthogonal
4. Indecomposable: has a unique stationary distribution 7 and is connected

Joint distribution px/ x generated by 7 is indecomposable
-JAC X' ,BC X,0<Pr[x' € A,Pr[x e B] < +c0, X' € A <= x€B



Contraction coefficient result

Theorem

Let L¢ be as defined previously and strictly positive, and let W be a Markov chain with a
stationary distribution w Suppose that one of the following holds:

1. W is irreducible and aperiodic,

2. W is scrambling and either (a) m full rank or (b) f'(+o0) = +o0,
3. W is indecomposable and m is full rank.

Then, any distribution p € P(X) converges tom at a rate of at most

lim 77f(W"»7")1/n < UXZ(WJ") .

n—oo

Moreover, it W is reversible, the above bound is known to be tight.



A specific kind of quantum f-divergence

Definition (Petz f-divergence!®)

For P, Q € Pd(A) the Petz f-divergence is defined as
D/ (PlQ) = THQ2F(LpRg ) Q7]
where Ly (X) = WX, Rw(X) = XW for all X, W € L(A). Extend to P, Q € Pos(A) by

Dr(P|Q) :=lim Se(P + /]| Q + &) .

OFumio Hiai and Milan Mosonyi. “Different quantum f-divergences and the reversibility of quantum operations”. In: Reviews in
Mathematical Physics 29.07 (2017), p. 1750023.



Quantum extension of contraction coefficient result

Theorem

Let L¢ be as defined previously (with f operator convex) and strictly positive, and let £ be a
quantum channel with unique full-rank stationary state m such that lim,_, [|E°"(p) — 7|l1 =0
for all quantum states p. Any quantum state p converges to the stationary state 7 at a rate of

lim 77,c(5°",7r)1/” < ne(€,m),

n— o0

Moreover, we know the above bound can be tight.



Number of times a channel needs to be applied to make its distribution d-indistinguishable
from 7 under some dissimilarity measure A.

tA W, 8) =min{n e N: sup AW"(p),m) <} .
PEP(X)

20



Number of times a channel needs to be applied to make its distribution d-indistinguishable
from m under some dissimilarity measure A.

tB (W, 8) =min{neN: sup AW"(p),m) <d} .

peEP(X)
Lemma
Let f: (0,00) — R be convex, differentiable at unity with f(1) =0, f(0) < co, and
g(t) = w concave on (0,00). Let W be a Markov chain with unique full rank stationary

distribution . Then, whenever 1,.(W, ) < 1,

£Pr

mix

log(2/[37min]) + log('(1) + £(0))

(W, 6) < log(1/ny2(W,m))

20



Conclusion

oI
ﬁ?@gs""ﬁ t!

Summary
e Pinsker inequalities for f-divergences . J'I. 2
e Apply to Markov chains to obtain contraction coefficients, mixing times 2411.17241

e Generalize to quantum f-divergences
Other results
e Integral representations of f-divergences and Bregman divergences
e More inequalities relating f-divergences to the y? divergence
e More inequalities for contraction coefficients and mixing times

e Quantum extension of the mixing times result

21
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