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Tomography



Quantum objects

- Subsets of positive semidefinite operators.
D(X) = {p € Pos(X) : Tr(p) = 1},
C(X7y) = {j S POS(y@ X) ; Tl’y(j) = ILX} .

- Exponential number of parameters
- n qubits — dimension D = 2" operator.

- Physical objects



Tomography

- How many physical copies of an object to learn its description?

1. Precision (w.rt. some norm)
2. Destructive nature of measurements

- Quantum states: O(D?), but also Q(D?).
- Are the amplitudes really there?



Shadow Tomography




Changing the task

-+ Shadow tomography [Aar18].
- Input: many same quantum objects p
- Input: M quantum co-objects E;
- Output: bj such that b; =~ (Ej, p)
- Knowing b; — reasonably good info about p.
- Quantum money, advice, copy-protected software, etc.
- Simple approaches (quantum states):
- Full tomography: O(D?)
- Just do the measurements: O(M)



One approach [Aar18]

- Online learning: iteratively refine hypothesis, given challenging measurements
- Gentle search: find challenging measurements

- Quantum states:

O(log(D) - ¢ %) x O(log*(M) - €72) = O(log(D) - log*(M) - e7*) .

- Upper bound on the number of mistakes.



Online Learning



Online Convex Optimization

- First defined in machine learning literature.
- Metric of success borrowed from game theory.
- Framework closely tied to statistical learning theory and convex optimization.



Convex Optimization

Convex optimization: single interaction
1. Receive convex set K and convex function f.
2. Choose x € K and suffer loss f(x).

, L ) - Choose x; before f; is known.
Online convex optimization: iterative process ) )
- Losses f; can be different in

1. Choose x; € K and suffer loss f;(x). general

2. Receive convex loss function f;. e e ——
. t

3. Repeat. adversarially.



Online Convex Optimization - Assumptions

Loss functions f; are Unbounded f;
- Bounded 0 X#£x
fix) = ‘
oo otherwise .
Decision set K is Unbounded K
- Bounded/structured Assign loss 1 to all x¢, while setting aside some

strategies with 0 loss. Since K is infinite, the latter
will never run out.



- Adversary can still force the learner to incur constant loss at every round.
- Metric: total accumulated loss versus best fixed action.

R}A sup {thxt —mmet }

i

- A and sup are typically clear from context and omitted.
- Interested in an upper bound for the worst-case regret.
- Goal: sublinear regret bound.



- Prediction from expert advice (experts problem)
- Online spam filtering

- Online shortest paths

- Recommendation systems

- Portfolio selection

- etc..



General algorithm

Algorithm 1 Regularized Follow-the-Leader (RFTL/FTRL)

Input: T, > 0, convex regularization function R, a convex and compact set £ C Herm X.
1: Set initial hypothesis wy < arg min ¢ {R()}.
2 fort+ 1to Tdo
3: Predict wr and incur cost fi(w;), where f; : K — R is convex.
4 Let V; be a subgradient of f; at wy.
5 Update decision according to the RFTL rule

Wit 4 argmin {77 > (Vs @) + R(so)} :

ek s=1

6: end for
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Regret bound: quantum states

Theorem ([ACHt18] Theorems 2 and 3)
Suppose that

- Loss functions are B-Lipschitz

RFTL can be applied to n-qubit quantum state tomography for a regret bound of

R7 < 2B+\/(2log2)nT



Results




Applied algorithm

Algorithm 2 RFTL for Online Learning of Quantum Objects

Input: T, n > 0, a convex and compact set K C Pos(X'), and a bounded set £ C Herm(X).
1. Set initial hypothesis wy < arg max ¢ {S(¢)}.
2. fort+ 1to Tdo
3: Predict w; and incur cost fi(wt) = €:({E¢, wi)) with ¢, : R — R and E; € £.
4 Let £{(x) be a sub-derivative of ¢; with respect to x and define

Vt < f£(<Et, th>)Et .

5: Update decision according to the RFTL rule

W1 4= arg min {nZ(Vm @) — S(so)} :

pek s=1

6: end for




Regret bound: quantum objects

Theorem
Suppose that

- Trace of objects is bounded by A

- Loss functions are B-Lipschitz

- Operator norm of co-objects is bounded by C

- The diameter of K w.rt. S is D? := max, e {S(¢") — S(¢)}.
- There exists « > 0 such that al € K

RFTL for Online Learning of Quantum States achieves a regret bound of

Rt < 4BCDVAT .

14



Example corollaries

Objects Co-objects Regret bound
States Effects 4B/In(dim(X))VT
Effects States 4Bdim(X)+/eT + log(dim(X)))VT
Gram matrices  Unit ball 4Bn+/log(n)V'T
Channels Interactive msmts. 4B dim(X)+/log(dim(X)) + log(dim(Y))V/T
Interactive msmts.  Channels 4Bdim(XY)/log(dim(X)) + log(dim(Y))VT

Strategies  Co-strategies —'—
Co-strategies  Strategies ——

- For quantum strategies and co-strategies,

dim(X) = Hd|m dim(Y) = Hdim(y,-).



Proof Sketch




Challenges

1. Variable traces
2. Derivatives of complex operators

3. Choice of regularizer



Lemma ([Haz16] Lemma 5.3)
RFTL guarantees

T
1
RT S Z<Vt, Wt — wt+1> T EDZ .

t=1

Lemma

The function
de(X) = (E, X) + Tr(Xlog(X))

is Frechet-differentiable with

VOp(X) = E+ 1 + log(X) .



Generalized Pinsker’s inequality

Theorem
For any positive semidefinite P and Q,

%IIP = Q[% < max{Tr(P), Tr(Q)} [D(PIIQ) — Tr(P - Q)] .

- Also a tightening of Klein's inequality



- Sublinear regret bound for learning general quantum objects
- Additional matrix analysis results

- Generalized Pinsker's inequality

- Future directions:

- Relax assumptions
- Connect to shadow tomography
- Other algorithms?
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Thank you!

Questions?
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